Abstract: In this paper, consensus problem is investigated for high-order multi-agent systems with switching communication networks, through which only output information instead of full-state information can be transmitted to neighbors. Based on selfstate-feedback and neighbor-output-feedback, a new consensus protocol is proposed, which can realize arbitrary convergence rate. Furthermore, as an application, a nonlinear heading consensus protocol is designed for a multi-vehicle model. Finally, numerical simulations are given to illustrate the theoretical results.
INTRODUCTION
The consensus problem has been widely investigated for many kinds of multi-agent systems including Vicsek model [1, 2] , Kuramoto model [3] [4] [5] , the linear dynamical networks including the first-order, the second-order, highorder and nonlinear multi-agent systems [6] [7] [8] [9] [10] [11] [12] [13] [14] . For linear multi-agent systems, if the topology of a dynamical network is fixed, a direct method solving the consensus problem is to analyze the eigenvalues of the closed-loop system. But for the case of switching topologies, the closed-loop systems are described by switched systems, whose dynamical behavior can not be determined by the eigenvalues. A alternative method is designing common Lyapunov functions for the switched disagreement dynamics. For single-integral multiagent systems, the square function can be used as the common Lyapunov function [6] . However, even for the secondorder multi-agent systems with switching topologies, it is not so easy to find a common Lyapunov function. For a modified protocol, Xie and Wang proposed a approach to design a quadratic common Lyapunov function [15] . An advantage of the modified protocol is that each agent uses the neighbors' positions instead of their full states. Another effective approach dealing with the switching topologies was proposed in [16] and has been used in many papers [16] [17] [18] [19] , which is called model transformation method since a transformation is used to change the closed-loop systems to the corresponding first-order multi-agent systems considered by [6] and [8] .
In our recent paper [20] , the model transformation method is modified to realize arbitrary convergence rate, which plays an important role in analyzing the flocking of multi-agent systems with proximity graphs. In [21] and [22] , the model transformation method was used for high-order discrete and continuous multi-agent systems respectively. However, for the case of switching topology, how to design a high-order protocol to realize an arbitrary convergence rate is still an open problem.
In this paper, for high-order multi-agent systems with switching topologies, a new consensus protocol based on self-state-feedback and neighbor-output-feedback is designed and an arbitrary convergence rate can be realized by adjusting a control gain. Furthermore, as an application, a nonlinear protocol is designed to solve the heading consensus problem of a class of multi-vehicle systems. Finally, numerical simulations are given to illustrate the theoretical results.
PROBLEM STATEMENT
Consider the multi-agent system with switching topology G t = (V, E t , A t ), which is a weighted digraph with the set of nodes V = {1, 2, · · · , m}, set of edges E t ⊂ V × V, and a nonnegative adjacency matrix A t = (a ij (t)). An edge of G t is denoted by (i, j), which means node j can receive the output information from i . Adjacency matrix A t is defined such that a ij (t) > 0 if (j, i) ∈ E t , while a ij (t) = 0 if (j, i) ∈ E t . We denote the set of neighbors of node i by N i (t). The Laplacian matrix of the weighted digraph is defined as L t = (l ij (t)), where l ii (t) = m j=1,j =i a ij (t) and l ij (t) = −a ij (t) (i = j). Let 1 n denote the n × 1 column vector of all ones. Let I n denote the n × n identity matrix. It is obvious that L t 1 n = 0.
Suppose each vertex of the graph is a dynamic agent with dynamicsẋ
where x i ∈ R m is the state of the ith agent, u i ∈ R the external control, y i the output information transmitted through the switching network G t and i = 1, 2, · · · , n.
The consensus problem via self-state-feedback and neighbor-output-feedback is designing the distributed controller u i (t) with agent i's state x i (t) and its neighbor's outputs y j (t), j ∈ N i (t) such that
Remark 1. In [15] , the second-order multi-agent systeṁ x i = v i , Mv i = u i is investigated and the consensus protocol is designed as where x i , v i , M and u i are the position, the velocity, the mass and the external control of agent i respectively. The distributed controller u i uses agent i's state (x i , v i ) and its neighbors' outputs x j (j ∈ N i ) as feedback information. Moreover, in the last term of the u i , the relative position x j − x i can also be regarded as the relative output of j with respect to i.
MAIN RESULTS
In this section, we assume the information network G t is switched in a collection of connected balanced digraphs of order n denoted by Γ n , which is consistent with the basic assumption of [19] . Clearly, Γ n is a finite set.
We first assume each vertex of the graph has the multiintegrator dynamicṡ
where
, y i and u i are the state, the output and the control of agent i respectively. For the multiagent system (1)- (3) with switching topology G t , we design the distributed control protocol as
where k and h are constant positive numbers, and C j i denotes the number of combinations of i distinct things taken j at a time.
Then with the controller (4), the closed-loop system of the multi-agent system is
Before analyzing the dynamical behavior of the closedloop system, we first give some lemmas as follows:
Proof. By Binomial Theorem, one has (x + 1)
Taking the j-th derivative with respect to x yields
which implies
Substituting x = −1 into (7), one obtains the lemma.
Then P −1 is equal to
and
Proof. Denote (10) by Q and let S = P Q = (s ij ), where i and j vary from 0 to n − 1. It is obvious s ij = 0 as i < j and s ii = 1 for all i = 0, 1, · · · , n − 1. As i > j, by Lemma 1, one has
(12) Thus P Q = I n , that is, Q = P −1 . To prove (11), we only need to check T P = P W . With simple computation, we can see
(13) Theorem 1. Assume the multi-agent system has dynamics (1)-(3) and switching topology G t ∈ Γ n , i.e., G t is a connected balanced graph for any t. Let k > 0 and
Then, for the closed-loop system (5) under protocol (4), there exists a nonsingular transformationX =P X such that
wherê
is the Laplacian matrix of a balanced digraph G * t with mn vertexes satisfyingL t 1 mn = 0 and 1
Taking the nonsingular transformationX = (P ⊗ I n )X, one can obtainẊ = −ΓX, wherê
Since L t is the Laplacian matrix of balanced digraph G t , we have L t 1 n = 0 and 1 T n L t = 0, which impliesL t 1 mn = 0 and 1 T mnLt = 0 due to (16) . Moreover, we can see all the off-diagonal elements of (16) is non-positive due to (14) . Therefore,L t is a Laplacian matrix of a balanced digraph G * t with mn vertexes. The resulted nonsingular transformation iŝ
Lemma 3. Balanced digraph G * t has a spanning tree if and only if balanced digraph G t has, that is,
Proof. By (16), one can easily obtain
which implies (21) . Thus this lemma is proved. Remark 2. In [19] , for the case of m = 2, the authors investigated the relationship of G t and G * t using a graph method. Here, we obtain the similar results for any m ≥ 2 using the algebraic method.
Remark 3. Denote byĜ * t the mirror graph of balanced digraph G * t , which is also called the symmetrized graph. In [7] , it has been revealed that if G * t is connected, thenĜ * t is connected. Actually, the inverse proposition also holds by the definition of mirror graph.
Theorem 2. Consider the high-order multi-agent system (1)-(3) with switching topology G t which is kept weakly connected and balanced, i.e., G t ∈ Γ n . Assume (14) holds and k > 0. Then protocol (4) can solve the consensus problem. Moreover, for any positive scalar μ > 0, there is a sufficient large k such that all the agents reach consensus exponentially fast with the least convergence rate of μ.
Proof. By Theorem 1, closed-loop system (5) under protocol (4) is equivalent to (15) . So we first investigate the dynamics of (15) . Let α = 1 mn 1 T mnX (0) and δ(t) =X(t) − α1 mn . Then, by Theorem 1, it followṡ δ(t) = −kL t δ, which is called the disagreement dynamics in [6] . Set γ = minĜ ∈Γ mn λ 2 (Ĝ * ), whereĜ * denotes the mirror graph ofĜ. Since any G ∈ Γ mn is connected, we have γ > 0 due to Remark 3. Letting V (δ) = δ T δ, similar to the procedure of Theorem 9 of [6] , we havė
Thus, for any μ > 0,V (δ(t)) ≤ −2μV (δ(t)) as k ≥ μ/γ. Therefore, ||δ(t)|| ≤ ||δ(0)||e −μt , which impliesX i (t) exponentially converges to α with decay rate μ as t → +∞ for each i = 1, 2, · · · , n. By the nonsingular transformation (20) and the form of P −1 (see (10)), we have
for i = 0, 1, 2, · · · , n − 1. Thus one has
for i = 1, 2, · · · , n − 1 as t → +∞, where the equality of (26) comes from Lemma 1. Therefore, the consensus of the original closed-loop system (5) is achieved and the exponential decay rate is μ. Remark 4. For the case of m = 2, letting h = k 2 , we can see the proposed consensus protocol (4) just becomes the second-order protocol discussed in [19] and condition (14) is reduced to the condition k ≥ max i∈V(G),G∈Γn {degin(i)} proposed in Theorem 1 of [19] . Thus this paper is a generalization of [19] .
Remark 5. Compared with [19] , this paper has considered the high-order case and has used a simple method to reveal the relationship of graph G t and G * t . Compared with [21] and [22] , this paper gives a special high-order protocol by combinatorial numbers realizing arbitrary consensus rate by choosing the value of control gain k. Consider a group of vehicles labelled by 1, 2, · · · , n moving on the plane. Assume the ith vehicle has the dynamical model (see [23] )
where (x i , y i ) coordinates give i's location of the center of the rear axle, θ i the heading angle with respect to the x-axis, ϕ i the steering wheel's angle with respect to the longitudinal axis, v i the constant linear velocity of the rear wheels, ω i the angular velocity of the steering wheels, l i the length between the steering wheels and the rear wheels, J i the moment of inertia, M i the mass, T i the external torque imposed on the wheel's angle and F i the driving force. Fig. 1 shows some variables of vehicle i. We assume all the vehicles can only obtain the heading angles and the linear velocities through network G t which may be switching with respect to the time. For each vehicle i, the local information used in the controllers T i includes the state of i and the output information from i's neighbors transmitted through the network. The heading consensus problem is designing distributed controllers T i and F i with local information to realize |θ i − θ j | → 0 and |v i − v j | → 0 as t → +∞.
In order to apply the results obtained in the last section, we first transform equations (28)-(30) to the third order integrator system with nonlinear control technique. Adding an integrator on the control channel F i , we havė
where z i and u i are the input and the state of the integrator respectively. Letting ⎡
Let
Substituting u i and T i into (34)-(38) yieldṡ
Then, by Theorem 1, the consensus is achieved as h ≥ max i∈V(G),G∈Γn {degin(i)} and any consensus rate can be realized if k is sufficiently large and the switching network is kept connectedness. The final forms of the external controllers are expressed as the following dynamical compensators:
Simulations
Consider the 4-th order multi-agent system with the form of (1)-(3). We design the consensus protocol as
Set h = 10 and let the initial values be
T and
where Fig. 2 and Fig. 3 show the consensus under the designed control protocol with gains k = 4 and k = 10 respectively. It can be seen that the convergence speed with k = 10 is greater than that with k = 4. Simulations show that the consensus problem is solved by the designed consensus protocol. 
Conclusions
In this paper, a new consensus protocol based on selfstate-feedback and neighbor-output-feedback has been designed for high-order multi-agent systems with switching topologies to realize an arbitrary convergence rate. For a multi-vehicle model, a distributed nonlinear heading consensus protocol has been proposed. Numerical computations have illustrated the obtained theoretical results.
